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Formulas as Sets of Programs

o Brouwer-Heyting-Kolmogorov Interpretation
o Formulas as specifications (set of programs)

A — {p: psatisfies A}

o E.g. the set of prime numbers is infinite
Specifies a program that on input n: N outputs a prime

number p > n and a certificate that p is prime
o If A is provable then the set should be non-empty
e Non-theorems map to un-implementable specifications

o Need to fix formal system and programming language
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L Proof Interpretations

Formulas as Types

o Curry-Howard Correspondence
o Minimal Logic + Simply-typed A-calculus

s l_ML A = tﬂ-l A

e Extension 1. Heyting arith. + Godel primitive rec.

e Extension 2: Classical logic + Continuation operator
—A A4 A

B B

L
A B
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- Proof Interpretations

Functional Interpretations

Formula A = Set of functionals |A|

Vady(y > x) {f : fx>ux}
Proof 7 = Functional f, € |A]
Ar.x + 1

Sk A = Syt fr €4
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Functional Interpretations

Dialectica (Godel 1958)
o Relative consistency of Peano arithmetic PA
Falsity interpreted as empty set (| L | = 0)
{ PAFL = TkF3f(fe0)

Modified realizability (Kreisel 1959)
o Independence results for Heyting arithmetic HA

| P| set of non-computable functionals
HAFP = HA®F3f(f e |P|)
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Functional Interpretations

o Relative consistence
Skl = TFL

o Independence results
SHP
o Conservation results

S+PFA = SEFA

o Proof mining

S+AFB = S+ A, B
e Build models

MES
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L Proof Interpretations

Other Interpretations

Diller-Nahm (1974)
e Decidability of prime formulas not required

q-realizability (Kleene 1969 / Troelstra 1971)
otqr(A— B)=Va((xqrA)AA — txqr B)
o Related to Kleene's slash translation (1962)

Realizability with truth (Smorynski / Troelstra 1998)
otrt(A— B)=Va(xrtA = tzrt B)A (A — B)
o Related to Aczel's slash translation (1968)
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Troelstra on Proof Interpretations

(1971) A. S. Troelstra. Notions of realizability for
intuitionistic analysis
2nd Scandinavian Logic Symposium, pp. 369 — 405
(1973) A. S. Troelstra. Metamathematical Investigation of
Intuitionistic Arithmetic and Analysis
Lecture Notes in Mathematics 344
(1988) A. S. Troelstra and D. van Dalen. Constructivism in
Mathematics
North-Holland, Amsterdam. Two volumes

(1998) A. S. Troelstra. Realizability
Handbook of Proof Theory, pages 408—473



On Proof Interpretations and Linear Logic
L*Linear Logic

Outline

© Linear Logic



Linear Logic (Girard 1987)

e Explicit treatment of contraction

I A A B TJAVAF B
- :> -
TAF B T,JAF B



Linear Logic (Girard 1987)

e Explicit treatment of contraction
INNAAF B INVAIAEB
_— :> _
AR B I'N'AF B

o Refinement of intuitionistic implication
A—-B = !A—-B



On Proof Interpretations and Linear Logic

L Linear Logic

Linear Logic (Girard 1987)
e Explicit treatment of contraction

I A AFB T,IA,'AF B
- :> -
T,AF B T,IAFB

o Refinement of intuitionistic implication
A—-B = !A—B
o Refinement of logical connectives

conjunction disjunction

additive M L

multiplicative * +
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Structural Rules

AFA  (id)

PFA AAFB
FArp @)

'-A
7r{F}—I—A (per)




Exponential 'A

LIAMEB (o TEB
TIAFB ‘Y T1AFB

(wkn)

I A TE 1A
e A |
A rra (B
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L*Linear Logic

Girard Translations

o Translation (-)*: IL — ILL

(ANB)* = A*nB* (VzA)*
(AvB) = 1A*u!B* (JzA)*
(A— B)* = A* — B*

o Translation (-)°: IL — ILL
(AN B)° A° x B° (VxA)°
(AVB)° = A°U B° (FzA)°
(A— B)° = (A° — B°)

Thm. ILF A iff ILLF A* iff ILL - A°

Yz A*
Jxl A*

Wz A°
dz A°
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One-Move Two-Player Games

o Game G = (Dl,DQ,R Q D1 X Dz)

e Two players
Eloise and Abelard

o Two domains of moves
T € D1 and Yy < D2

o Adjudication of Winner
Relation R(z,y) between players’ moves
(usually |GI7)
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L*Unified Interpretation of Linear Logic

Examples

Domain 1 Domain 2 Adjudication

re{0,1,2} y€{0,1,2} z+1=ymod3

z€{0,...,5} ye{0,...,5} x+yiseven
reN yeN x>y

feN=N yeN fly) >y
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Goal

A is true (is provable)
iff

Eloise has winning move in game |A[;

A iff 3avy|Afy
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T,V
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Interpretation

Formula A mapped to game |Al7
Inductively: Assume |A[7 and |B|;, defined, then

|Ax By, = [Alyx[B[,
|A— B4, = |Al, — B
VAR, = Al
BzAG) ;= Al
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Soundness

If

ILLF A
there is t (extracted from m) such that
ILLY - Vy| Al
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L*Unified Interpretation of Linear Logic

Exponential Game A

Opponent can choose a “set” a of moves
A7 :==VyealAl]
What kind of sets?
(1) Singleton
|!A|“fy} = |A[]
(2) Finite
'A[Z =VyealAl;
(3) Arbitrary
TA[" = VylAlf
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Interpretation

Given A — |A ,» Possible interpretations of !A
LA[; = YA[j (Dialectica)
LA[; = IvyealAl] (Diller-Nahm)
LA]Y = Ivy|Aly (realizability)
LA]* = IWy|A[ < 1A (g- or truth-real )
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|—Unified Interpretation of Linear Logic

Conclusions
o New: ‘Explanation’ of different interpretations

o New: Connection between A° ~ !A* and
r|,A iff  T|xA and TH A
o New: Diller-Nahm with truth (and g-variant)
'Al7 :=Vy € alA[; x A

o New: Hybrid functional interpretation
(exploring the fact that ! A not canonical in LL)

AR = (A |LAR =yl AL
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