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Proof Interpretations

Formulas as Sets of Proofs

Formulas as set of proofs

A 7→ {π : π ` A}

E.g. the set of prime numbers is infinite

The book “Proofs from THE BOOK” contains six
beautiful proofs of this

Non-theorems map to the empty set

E.g. the set of even numbers is finite

Need to fix the formal system
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Troelstra on Proof Interpretations

(1971) A. S. Troelstra. Notions of realizability for
intuitionistic analysis

2nd Scandinavian Logic Symposium, pp. 369 – 405

(1973) A. S. Troelstra. Metamathematical Investigation of
Intuitionistic Arithmetic and Analysis

Lecture Notes in Mathematics 344

(1988) A. S. Troelstra and D. van Dalen. Constructivism in
Mathematics

North-Holland, Amsterdam. Two volumes

(1998) A. S. Troelstra. Realizability

Handbook of Proof Theory, pages 408–473
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multiplicative ? +
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Linear Logic

Exponential !A

Γ, !A, !A ` B
(con)

Γ, !A ` B
Γ ` B

(wkn)
Γ, !A ` B

!Γ ` A
(!I)

!Γ ` !A
Γ ` !A

(!E)
Γ ` A



On Proof Interpretations and Linear Logic

Linear Logic

Girard Translations

Translation (·)∗ : IL→ ILL

(A ∧B)∗ ≡ A∗ uB∗ (∀xA)∗ ≡ ∀xA∗

(A ∨B)∗ ≡ !A∗ t !B∗ (∃xA)∗ ≡ ∃x!A∗

(A→ B)∗ ≡ !A∗ ( B∗

Translation (·)◦ : IL→ ILL

(A ∧B)◦ ≡ A◦ ? B◦ (∀xA)◦ ≡ !∀xA◦

(A ∨B)◦ ≡ A◦ t B◦ (∃xA)◦ ≡ ∃xA◦

(A→ B)◦ ≡ !(A◦ ( B◦)

Thm. IL ` A iff ILL ` A∗ iff ILL ` A◦



On Proof Interpretations and Linear Logic

Linear Logic

Girard Translations

Translation (·)∗ : IL→ ILL

(A ∧B)∗ ≡ A∗ uB∗ (∀xA)∗ ≡ ∀xA∗

(A ∨B)∗ ≡ !A∗ t !B∗ (∃xA)∗ ≡ ∃x!A∗

(A→ B)∗ ≡ !A∗ ( B∗

Translation (·)◦ : IL→ ILL

(A ∧B)◦ ≡ A◦ ? B◦ (∀xA)◦ ≡ !∀xA◦

(A ∨B)◦ ≡ A◦ t B◦ (∃xA)◦ ≡ ∃xA◦

(A→ B)◦ ≡ !(A◦ ( B◦)

Thm. IL ` A iff ILL ` A∗ iff ILL ` A◦



On Proof Interpretations and Linear Logic

Linear Logic

Girard Translations

Translation (·)∗ : IL→ ILL

(A ∧B)∗ ≡ A∗ uB∗ (∀xA)∗ ≡ ∀xA∗

(A ∨B)∗ ≡ !A∗ t !B∗ (∃xA)∗ ≡ ∃x!A∗

(A→ B)∗ ≡ !A∗ ( B∗

Translation (·)◦ : IL→ ILL

(A ∧B)◦ ≡ A◦ ? B◦ (∀xA)◦ ≡ !∀xA◦

(A ∨B)◦ ≡ A◦ t B◦ (∃xA)◦ ≡ ∃xA◦

(A→ B)◦ ≡ !(A◦ ( B◦)

Thm. IL ` A iff ILL ` A∗ iff ILL ` A◦



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Outline

1 Proof Interpretations

2 Linear Logic

3 Unified Interpretation of Linear Logic



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

One-Move Two-Player Games

Game G ≡ (D1, D2, R ⊆ D1 ×D2)

Two players

Eloise and Abelard

Two domains of moves

x ∈ D1 and y ∈ D2

Adjudication of Winner

Relation R(x, y) between players’ moves

(usually |G|xy)
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x ∈ N y ∈ N x ≥ y

f ∈ N→ N y ∈ N f(y) ≥ y
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|∀zA(z)|fy,a :≡ |A(a)|fay

|∃zA(z)|x,ay :≡ |A(a)|xy



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Interpretation

Formula A mapped to game |A|xy
Inductively: Assume |A|xy and |B|vw defined, then

|A ? B|x,vy,w :≡ |A|xy ? |B|vw

|A( B|f,gx,w :≡ |A|xfxw ( |B|gxw

|∀zA(z)|fy,a :≡ |A(a)|fay

|∃zA(z)|x,ay :≡ |A(a)|xy



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Interpretation

Formula A mapped to game |A|xy
Inductively: Assume |A|xy and |B|vw defined, then

|A ? B|x,vy,w :≡ |A|xy ? |B|vw

|A( B|f,gx,w :≡ |A|xfxw ( |B|gxw

|∀zA(z)|fy,a :≡ |A(a)|fay

|∃zA(z)|x,ay :≡ |A(a)|xy



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Interpretation

Formula A mapped to game |A|xy
Inductively: Assume |A|xy and |B|vw defined, then

|A ? B|x,vy,w :≡ |A|xy ? |B|vw

|A( B|f,gx,w :≡ |A|xfxw ( |B|gxw

|∀zA(z)|fy,a :≡ |A(a)|fay

|∃zA(z)|x,ay :≡ |A(a)|xy



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Interpretation

Formula A mapped to game |A|xy
Inductively: Assume |A|xy and |B|vw defined, then

|A ? B|x,vy,w :≡ |A|xy ? |B|vw

|A( B|f,gx,w :≡ |A|xfxw ( |B|gxw

|∀zA(z)|fy,a :≡ |A(a)|fay

|∃zA(z)|x,ay :≡ |A(a)|xy



On Proof Interpretations and Linear Logic

Unified Interpretation of Linear Logic

Soundness

Theorem
If

ILL
π

` A
there is t (extracted from π) such that

ILLω ` ∀y|A|ty
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Exponential Game !A

Opponent can choose a “set” a of moves

|!A|xa :≡ ∀y∈a |A|xy

What kind of sets?

(1) Singleton

|!A|x{y} :≡ |A|xy
(2) Finite

|!A|xa :≡ ∀y∈a |A|xy
(3) Arbitrary

|!A|x :≡ ∀y|A|xy
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Unified Interpretation of Linear Logic

Interpretation

Given A 7→ |A|xy

, possible interpretations of !A
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(Diller-Nahm)

|!A|x :≡ !∀y|A|xy

(realizability)

|!A|x :≡ !∀y|A|xy ? !A

(q- or truth-real.)
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Conclusions

New: ‘Explanation’ of different interpretations

New: Connection between A◦ ∼ !A∗ and

Γ|aA iff Γ|kA and Γ ` A

New: Diller-Nahm with truth (and q-variant)

|!A|xa :≡ ∀y ∈ a |A|xy ? !A

New: Hybrid functional interpretation
(exploring the fact that !A not canonical in LL)

|!DA|xy :≡ |A|xy |!rA|xy :≡ ∀y|A|xy
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