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Two questions

1 The modeling question
What kind of information do we use when we judge that a causal
relation holds?

2 The meaning question
What are the truth conditions of causal claims?

Today: the modeling question
What mathematical form should models of causation take?
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Structural causal models

Definition (Structural causal model)
A structural causal model is a triple M = (V, E, F) where

V is a set of variables

(V, E) is a directed acyclic graph

F is a set of functions of the form

FX : R(paX)→ R(X),

one for each endogenous variable X ∈ V,
where paX := {Y ∈ V : (Y,X) ∈ E}
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Structural causal models

The value of an endogenous variable X is determined by the values of
its parents, according to FX

Since FX are functions, the dependence is deterministic

Where U = u is an assignment of values to the exogenous variables
in V, we call u a setting or context for M

i.e. the values of the exogenous variables determine the values of all
the variables
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Interventions in structural causal models

Let M = (V, E, F) be a structural causal model

Definition (Interventions as model surgery)
Mdo(X=x) is the model (Vdo(X=x), Edo(X=x), FX=x) where

Vdo(X=x) = V
Edo(X=x) = E \ {(Y,X) : Y ∈ V}
Fdo(X=x),X(u) = x for every setting u of M,
and Fdo(X=x),Y = FY for all Y ∈ V, Y 6= X

Definition (Truth conditions for interventions)
Let M be a structural causal model and u a setting of the exogenous
variables.

M, u |= [X ← x]Y = y iff Mdo(X=x), u |= Y = y
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SCMs represent dependence as direct

In causal diagrams, an arrow represents a “direct effect” of the
parent on the child, although this effect is direct only relative to a
certain level of abstraction, in that the graph omits any variables
that might mediate the effect.

— Greenland and Pearl (2011, pp. 208–09)
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In the beginning, dependence was direct

Figure: Wright (1921)
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Dense causal chains

In daily life and physicists’ models alike,
space and time are represented as dense

Density Between any two points there is a third

Intuitive belief: Causal influence travels through dense spacetime

There are chains of events (Ci)i∈I where,
for every Ci, Ck on the chain, there is a Cj on the chain such that

Ci causally influenced Cj and Cj causally influenced Ck.

C E
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Is density compatible with direct dependence?

Question Can dense dependence be represented in terms of direct
dependence?

Intuitively, dense dependence is indirect

One can add more arrows

But still, more arrows just means more instances of direct
dependence
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Wolfgang Spohn (2009)
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A simple dense causal chain

timespace
t0

...

l x y

t0 +
|y−l|

c
...

Figure: Turning on the light at time t0

How do structural causal models represent dependence here?
Answer: A version of counterfactual dependence
(Paul, 1998; Yablo, 2002; Halpern and Pearl, 2005; Halpern, 2016; Beckers, 2016)

Let x be a point illuminated at t, and t′ = t + |y−x|
c

If x had not been illuminated at t, y would not be illuminated at t′
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Definition (Functional dependence)

Let Y be a variable, paY a set of variables, and ~X ⊆ paY . Let
fY : R(paY)→ R(Y) a function from the values of the variables in paY
to the values of Y. We say Y functionally depends on ~X just in case

fY(~x,~o) 6= fY(~x′,~o)

for some values ~x,~x′ of ~X and value ~o of the variables in paY − ~X.

Definition (Dense dependence)
Let Y be a variable and fY : R(paY)→ R(Y). We say dependence is
dense at Y iff for any parents ~X of Y there are parents ~Z of Y such that

fY(~x,~z,~o) = fY(~x′,~z,~o)

for all values ~x,~x′ of ~X, value ~z of ~Z, and values ~o of paY − (~X ∪ ~Z).
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Theorem

No structural causal model M = (V, E, F) contains a variable Y such that
1 Y functionally depends on some variables ~X ⊆ V in M, and
2 Dependence is dense at Y in M.

Proof.
Let M = (V, E, F) be a structural causal model with Y ∈ V satisfying (1)
and (2). By (1), for some values ~x,~x′ of ~X and value ~o of paY − ~X,

fY(x, o) 6= fY(x′, o).

And by (2), for some parents ~Z of Y and value ~z of ~Z we have

fY(~x,~z,~o−~z) = fY(~x′,~z,~o−~z).

But then we have the following contradiction:

fY(~x,~o)
(1)
6= fY(~x′,~o) = fY(~x′,~z,~o−~z) (2)

= fY(~x,~z,~o−~z) = fY(~x,~o).
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Applying the impossibility result to the light example

Suppose that variable (i.e. spacetime point) changes its value in
response to intervening on the torch.

Then there is variable Xt′ such that Lt is a parent of Xt′ and

fXt′ (lt,~o) 6= fXt′ (l
′
t,~o)

for some values lt, l′t of Lt and value o of paX − {Lt}.
Also suppose there is no first spacetime point to the right of the
torch.
Then there is some point (or region) ~Zt′′ between the torch and X
such that, fixing the value of ~Zt′′ also fixes the value of Xt.

That is, there is set of parents ~Zt′′ of Xt′ such that

fXt′ (lt,~zt′′ ,~o′) = fXt′ (l
′
t,~zt′′ ,~o′)

for all values lt, l′t of Lt, value ~zt′′ of ~Zt′′ and value ~o′ of the parents of
Xt′ other than Xt′ and ~Zt′′ .

But then
fXt′ (lt,~o) = fXt′ (lt,~zt′′ ,~o′) = fXt′ (l

′
t,~zt′′ ,~o′) = fXt′ (l

′
t,~o) 6= fXt′ (lt,~o).
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Model constraints

A model M = (V, P) is a pair consisting of a variable set V and a set of
paths P, satisfying some constraints.

Xt = Yt+ |x−y|
c

for all points x, y in space and time t, where c is the speed of light.
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Interventions in dynamical systems

We can think of of intervening as gluing two paths together.
Given a state of the system at a point in time t, i.e. a valuation
assigning to each variable Yt a value y in the range of Yt, let

do(~X = ~x,Yt) =

{
x if Y is in ~X
y otherwise

where if Y is in ~X, x is the value Y receives in ~X.

Definition (The effects of intervening at time t)

Mdo(~Xt=~x)
, u |= Yt′ = y iff t′ < t and M, u |= Yt′ = y, or

t′ = t and M, u |= do(~Xt = ~x,Yt′ = y), or

t′ > t and M, u′ |= Yt′ = y for every u′

with M, u′ |= Zt = z iff M, u |= Zt = z
for every variable Zt

Dean McHugh (ILLC, Amsterdam) The Limits of Causal Graphs: Density Charles University, 23 Nov 2020 17 / 18

https://www.uva.nl/en/profile/m/c/d.m.mchugh/d.m.mchugh.html


References I

Sander Beckers. Actual Causation: Definitions and Principles. PhD thesis, PhD thesis, KU
Leuven, 2016. URL
https://limo.libis.be/primo-explore/fulldisplay?docid=LIRIAS1656621&

context=L&vid=Lirias&search_scope=Lirias&tab=default_tab&lang=en_US.
Sander Greenland and Judea Pearl. Causal Diagrams, pages 208–216. Springer Berlin

Heidelberg, Berlin, Heidelberg, 2011. doi:10.1007/978-3-642-04898-2 162.
Joseph Y Halpern. Actual Causality. MIT Press, 2016.
Joseph Y Halpern and Judea Pearl. Causes and explanations: A structural-model

approach. part i: Causes. The British journal for the philosophy of science, 56(4):
843–887, 2005.

L. A. Paul. Keeping track of the time: Emending the counterfactual analysis of
causation. Analysis, 58(3):191–198, 1998. doi:10.1111/1467-8284.00121.

Wolfgang Spohn, editor. Bayesian Nets Are All There Is to Causal Dependence, pages
99–111. Springer, 2009. doi:10.1007/978-1-4020-5474-7 4.

Sewall Wright. Correlation and causation. Journal of Agricultural Research, 20(7):
557–580, 1921.

Stephen Yablo. De facto dependence. The Journal of philosophy, 99(3):130–148, 2002.
doi:10.2307/3655640.

Dean McHugh (ILLC, Amsterdam) The Limits of Causal Graphs: Density Charles University, 23 Nov 2020 18 / 18

https://limo.libis.be/primo-explore/fulldisplay?docid=LIRIAS1656621&context=L&vid=Lirias&search_scope=Lirias&tab=default_tab&lang=en_US
https://limo.libis.be/primo-explore/fulldisplay?docid=LIRIAS1656621&context=L&vid=Lirias&search_scope=Lirias&tab=default_tab&lang=en_US
https://doi.org/10.1007/978-3-642-04898-2_162
https://doi.org/10.1111/1467-8284.00121
https://doi.org/10.1007/978-1-4020-5474-7_4
https://doi.org/10.2307/3655640
https://www.uva.nl/en/profile/m/c/d.m.mchugh/d.m.mchugh.html

	Primer on structural causal models
	Directness and density
	Dense causal chains
	Dense dependence in dynamical systems
	Appendix
	Appendix
	For Further Reading

	References


