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Background: my view
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Bundling and unbundling in modal and non-classical logics

Bundling: take a construction as a modality

- Temporal Logic e.g., CTL : AFg,ATL : {(A)pUrp
- Epistemic Logic of Know-wh:

Kwg := K¢ v K=, Kvd := IxK(x ~ d), Kh¢ := JoK[o]o
- Bundled fragments of FOML (Wang 2017 -):
az=P(X1,...,Xn) | ~a | ana | Da | VXOa | Ix0a | OVXa | OIXa

- Other applications: Modal syllogistic, Deontic logic,
Contingency logic, Group knowledge ...

Usual advantages: capture the concepts as a whole; balancing
expressivity and complexity... E.g., Normal modalities are

bundles too! O¢ := Yy(xRy — ¢)

ESSLLI24 Course: 5

htton: //wancvaniine com/introduction-to-bundled-modalities/


http://wangyanjing.com/introduction-to-bundled-modalities/

Bundling and unbundling in modal and non-classical logics

Unbundling: break constructions into certain components

- Temporal Logic: CTL*,ATL*
- Epistemic Logic of de re updates (Cohen, Tang & W. 21):

as=twat| Pt ~a|aral[x:=tla|Ka|[la]a

[x:=c]K(x ~ ), [x:=c][y = d]K(M(X,y)), [x := c]['c ~ X]
- Non-classical logic: intuitionistic and intermediate logics
as epistemic logic of knowing how (Wang® 21 22)

Advantages: compositional, (sometimes) easier to axiomatize



Bundling or unbundling?

That is the question.

We take a certain neighborhood logic as a case study to
demonstrate the use of unbundling.

Not so much about fancy or surprising techniques, but that is
the point: making simple things simple!

My personal taste in research:

Max (conceptual significance — technical complexity)



Neighborhood Structures

Neighborhood (nbd) frame: § = (W, N)

- W% @, a set of possible worlds;
- N:W 22" anbd function.

Nbd Model: 2t = (§, V)

Different perspectives:

- Technical tools for non-normal modal logic

- As genuine structures or abstractions of finer structures



Monotonic Neighborhood Logic

Monotonic neighborhood logic with a unary operator o.
M, w E oo iff (IX e N(w))(YxeX) M, xE a.

There exists a nbd of w has « true everywhere inside.

Some schemes as examples:

invalid valid
OaAOB—-0O(aApB) O(aAB)—>DanDp
% 0l -0

Fo—>1

EO¢p —» Oy



Instantial Neighborhood Logic (van Benthem et al. 2017 )

Instantial Neighborhood Logic adds instances in the modality
where j e N:
O(a, ..., @j; ag)
(VxeX) M, X = ap
Ax1 e X) M, X1 =
M, w = O(ay, ..., o) ap) iff IX e N(w) (3x € ) A
(E|Xj € X) gﬁ,Xj F o

There exists a nbd of w that has the following properties:

- ap holds everywhere inside, and

- each instance (respectively) holds somewhere inside.
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Instantial nbd logic INL (van Benthem et al 2017)

Some invalid schemes:

: ﬂD':(:i), 0(Ga) ADGB)—>o(anpB)

: F‘;),u(a;v)m(ﬁ;v)w(a,ﬁw)

Some valid schemes:

© O(aq, ..., 05y 0) = 0(aq, ..., aj; 00 V)

- O(at, ...y 0, B o) =~ 0O(, ..oy @, BV 5 0)

© O(ar, 0, ..., aj; a) = O( 0, ..., 5 )

© O(a, ...y 05 0) = 0O(a, ..., @, i 0) whereie{1,...,j}

© O(at, ..., 0,15 000) = 0O(, .., @, M A ;o)
* =0(m,...,q, L; ag)
* O(aq, ..., aj;0) > (B(a, ..., a5, 6; a0) v O(a, ..., aj; ag A =6) )

With propositional tautologies and replacement of

equivalence, a complete axiomatization of INL is obtained. 1



Sequent calculus G3inl (Yu 2020)

J = {jy ey =T} K={1,..k}
KO = {yeK|I(y) =0} Qlf{ﬁ/(i)}igﬂ D:(legg{o,u...,j,»}
fiel f1ek®
] fi ol
[040704—1‘, e QK]IGDI:aO => B lng]’FD
M,0(a, .., 5 a0) = {O(8], -, BL; B]) et T
- This is (DQ}T’TJ}?)), nbd rule with parameters j, R, j1, ..., Jp, [-
+ Itrespects the proper sub-formula property (no built-in contraction).
- G3inlis G3cp (in the language of INL) extended by
all (DIGW{M) where f: D - JuKis adequate:
ie, (VIeD)(fi e Kimplies f; e K, eg, I(f;) = 0).

G3inl admits Weakening, Contraction, and Cut, and supports
mechanical proof-search. By applying Maehara’s method using

a splitting version of it, Yu (2020) constructively showed that
INL has Lydon Interpolation.



Bundling and unbundling

The bundles behind the semantics:

- The standard semantics for oa: IXVYw
- Instantial neighborhood logic: 3X(3v;; Yw)

The (weak) completeness of the Hilbert system of INL is based
on a normal form argument in van Benthem et al. 2017. The
sequent calculus of INL also looks complicated.

Can we do everything much simpler?

What about unbundling INL?

13
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Point-Set Neighborhood Language

A modal language with of formulas.
Definition (Language £P* (=, ®))
The language £P*(@,x) of a is defined by the
following mutual induction with the o
LPsaz= L|p|(a—a)|ad

£23¢3= -¢| (6~ 0)|Ba

Note that LP n £ = @. E.g, ®p is not a point-formula but m = p
iS. Vv, A, <>, are defined for all formulas. Define -« as

a—1,Tas -1 &¢as-m-¢, and ®a as - ® -a.

a, 3,7,9,6 are used for point-formulas and I', A, ©,Q, T for
sets/multi-sets of them; ¢,, m, 0, € are used for set-formulas

and &, W, 1, %, = for sets/multi-sets of them. 1



Semantics

Given a nbd model Mt = (W, N, V), the satisfaction relation &
between a world w and a point-formula « is defined mutually
with the relation I between a set X of worlds and a
set-formula ¢:

M WE L < never
MweEp < weV(p)

Mwe (a—p) < MwrEaorMwef
MwER¢ < forall XeN(w): M, X I=¢p
MXIE-¢p < MXIEP

MXIE (0= ) <= MXIEorMXI=y
MXERa <= forallveX: M,vEa

An INL formula o(as, . ..am; 8) can be viewed as a formula in

LP3(E,8): (@A A®am ARP). 15



Induced semantics for defined connectives and modalities:

MWwE-a < MWHE«
MweEanf <= Mweaand M wepS
Mweavi < MweEaorMweEfS
MwE P < forsomeXeN(w): M XIE ¢
MXIEdAY < IMXIEoand M X
MXIEPVY <= MXIEorMXIE
MXIE®a < forsomeveX MVE«a
The following hold:
EEQ <« - -0 ERa < - @ -«
FE(pAY) < BpAEY E® (anf) < BaARS
EO (V) < &V Oy E® (avp) < ®aves
e ¢ <> e ¢ <> Ea<of Ea<f

F EQ <« &y E @« O E Ra <« X5 = <8>o¢<—><3>@6



Lemma (Normal form)

Each point-formula v € £P*(®,®) IS equivalent to a Boolean
combination of point-formulas with the
&(®aq A+ A®ap ARS) with the same propositional letters.

Just need to turn each ¢¢ into a boolean combination of
INL-shaped formulas:

- turn ¢ into a disjunction normal form of ' v ... v "
(n>0) st each ' is a conjunction of some ®3 and ®a.

- turn © (' v--- v ") into the equivalent ®y' v - v &Y.

- each &Y' is &(®ay A+ A ®am ARBy A--- ARBE) Which is
equivalent to its INL-shape:

O(®ar A A®am AR(S1 A+ A PR))



Expressivity

Each £**!(o)-formula can obviously be rewritten to a
point-formula, of £P*(@, ®) thus:

Theorem

L£P*(@m,®) and £*™(a) are equally expressive.

We can define back and forth translations between £***(o)
and the point-formulas of £P%(m, ). This allows us to transfer
results of PSNL to INL.



Hilbert system and sequent calculus




Two-sorted Hilbert system HKZ

Rules
Axioms wpp 2% '_pﬁa - p
l_
p
TAUTP  +, CPL, - Fed oo 1)
DISTE  +p E(¢ = ¢) = (B¢ - =) o
TAUTS  +5 CPLg L.
DIST® s ®(a — ) > (Ra - R8f) » Ea¢
CPL,/CPLg stands for classical tautolo- NEC® -
Fs R

gies for point-/set-formulas.

A proof of Fya (Hs¢) is a finite sequence of both +;, and +
statements ending with +, a (ks ¢).

For any set of point-formulas ' u {a}, we write ' +p « iff there
are finitely many gy,...,8n el st -y B1 A=A By > als
provable. Similarly for set-formulas X +¢ ¢.
19



Recall: Hilbert system for INL

Crucial axioms:

© O(ay ...y 0 0) > 0(a, ..., aj; 00 V )

© (o, ..., 0, @5 a) = 0O(, .. ), GV 5 )

© O(ar, 0, ..., aj; a0) »O(, ..., aj; )

* O(a, ...y 055 9) = 0O( @, ..., @, g 0) whereie{1,...,j}

© O(at, ..., 0,15 00) = 0O(a, .., @, M A ;o)

* =0(x,..., ), L; ag)

- O(an, ..., an; B)—(O(aq, ...,an,v; B) vO(an, ..., an; BA=Y))
Case schema:

Fp ©(®ar A A®apn ARS) >
S(®UA - ARaAn ASYARSE) VO(®aT A A®an AR(BA—Y))

20



Sample derivation

We only prove the following simplified (n = 1) schema:
p &(®a ABE) »> &(Sa A Sy ABB) v S(SaAB(BA 7))

Proof.
By tautologies for set formulas and normality of :

Fe ®AARL > (®aASYARS) V (®an-®vARS),
Fs ®aARS > (®aA@YARS) V (®aAR(—yAB)).
By the admissible monotonicity rule,
Fp O(®aARB) > &((®an &y ARS) Vv (®aAR(SA—Y))),

and then:

Fp ©(®aABf) > &O(®ar@YARS) VO(®aAR(SA—y)) O .



Strong completeness

Toshow Ny aiffTEa  and X+ ¢ iff L= ¢.

Completeness via canonical model.

To show each ~p-consistent set of £P has a pointed model,
and each ~g-consistent set of £° has a model w.rt. a set X.
We build a single canonical model 9m¢ = (W€, N¢, V) where

- WC is the set of -,-MCSs of point-formulas,

« NE(A) = {Xc W | A® c supp(X)} for each A e WE,

" Ve(p)={AeW [peA};
where A’ := {¢ | @¢p € A} and supp(X) is the collection of all
set-formulas supported by X ¢ W° in the following sense:

Xsupports 8 iff ae®©
X supports —¢ iff X does not support ¢

X supports ¢—=1 iff X does not support ¢ or X supports 1. 2



Strong completeness

Claim (#) Every -¢-consistent set of set-formulas is supported
by an X ¢ W-.

Lemma (Truth lemma)

For every point-formula «, set-formula ¢, A € W© and X c W¢:

aeA iff MAE and ¢ esupp(X) iff M Xi= o

In an induction, Boolean cases are trivial, and here we show:

1. mpe A iff MAEBP
2. ®a e supp(X) iff M XI= R

Claim # is needed in (1) =.

The canonical model construction can be transformed into an
equivalent one in the setting of INL. 23



Sequent calculus G3psnl

A 2-sorted version of G3k for K features two sorts of sequents,
= and = for point-and set-formulas.

——(pA ———— (pLL
pr=nap (A% Lroa P
Mn= 3, MN=X
2250 gy 212
-, M=% MN=% -¢
N=Aa B,I=A ol = A, B
(pL—) =2 (pr)
a-p3,=A M=Aa->p4
M=X0¢ ¢¥,MN=>% ¢, M=% 9
(sL-) ————(sR~)
o=, M=% MN=X ¢-v
M=o =40
—————(pD) ——— - (s0)
al, MI=A @0 M, MN=>Y =6

G3psnlis sound and complete, and also admits Cut and

support mechanical proof search. ”



Constructing uniform interpolats




Uniform Interpolation Property (UIP)

- Let Q be a finite set of prop. var’s.
- A pre-interpolant of (5,Q) is a formula € that meets:
- V(@) V(BN Q
© =05,
- foreach o, if V(o) nQ=@ and I+ a— (5, then - a—#.
- A post-interpolant of (3, Q) is a formula 6 that meets:
“V(O) cVBING
C -0,
- foreach o, if V(a) nQ=@ and I+ f—>q, then I 6 —a.
- Uniform interpolation property UIP:
For each g and Q, pre- and post-interpolant exist.

25



Uniform Interpolation Property (UIP)

In a logic with classical -, it is sufficient to ensure existence of
either pre- or post-interpolant:

- if @ is a pre-interpolant of (-, Q), then =0 is a
post-interpolant of («, Q).

Pre-(post-)interpolant is unique modulo equivalence:
- Interpolants trigger clause (iii) of each other.

Due to [Pitts 1992], there is a method to establish UIP of a logic
via a sequent calculus that supports proof-search:; [Bilkova
2007] extends that method to many modal logics.

Using Pitts-Bilkova's method to show UIP of PSNL (and INL).

26



An adequate notion of UIP for PSNL

Let Q be a finite set of propositional letters. Since PSNL has
classical negations (for both sorts of formulas), it is sufficient
to find only pre-interpolants (for both sorts).

For B € Fp, a pre-interpolant of (3,Q) is a formula 6 € Fp st

“V(O)cV(B)NG
akiind’s
- foreach a e Fp, if V(a) nQ =@ and £ a— 3, then £ a—46.

For ¢ € Fs, a pre-interpolant of (¢, Q) is a formula £ € Fs s.t.

V(@ VW)NQ
T &=,
- foreach ¢ e Fs, if V(¢) nQ =@ and Ik ¢—>1, then I { >

UIP: For each B e Fp, ¥ € Fs and Q, pre-interpolants exist.
27



Applying Pitts-Bilkova's method to PSNL

It is sufficient to verify the sequent version of PSNL's UIP.
Given Q is a finite set of propositional letters, to show:

1. For each point-sequent '=A, there is HSA e Fp st
“ V(03 V(M A)NQ
cRTL08, = A
cFQ = GSA,’T‘ for every point-sequent Q = T s.t.
VQ,T)nQ=gand+ Q= AT,
2. For each set-sequent M=X, there is &35 € Fs st
cV(ES) cV(NLE)NQ
IR ¥
© - = g5,V for every set-sequent ¢ = W st
VO, W)nQ=gand-o,M= ¥ V.

28



Applying Pitts-Bilkova's method to PSNL

Two-sorted extension of Bilkova's construction for K.

- For a non-empty point-/set-sequent s:
- ¢(s) := the closure of s under inverted Boolean schemes;
c(s) is always finite, and share the same sort with s.
- sis said to be critical, if s is non-empty and on it no
inverted Boolean rule scheme is applicable.
- let cl(s) :== {xec(s)|xis critical}.
- For a multi-set © ¢ Fp, let
- 0%:={#ecO|0is prime};
- O':={0cO|0is m-prefixed};
- = {¢|mE e O},
- Likewise, for a multi-set = ¢ Fs, let
- Zhi={¢eZ|¢is m-prefixed};
- =hi= {0 |mO e =)

29



Applying Pitts-Bilkova's method to PSNL

Construct 82, and &35 by a mutual induction on sequents:

1 fr=A=g
T else if = Ais criticaland QNN A% = &
<>§?b®v \V mgﬁ,{g} v\/ﬂ(FO\Q) v\/(AO\Q)

ogeAb
else if T = A is criticaland QNN A = g
/\GﬁAi else, where cl(T = A) = {[i = Ai}ig

iel

Q .
62, -

L ifM=X=g

0, v , else if M= X is critica
Q. Oy O (6 lse if M=% l
&ng = ezt

A&y else where cl(M=¥) = {M; = %}
jel

30



UIP for PSNL and INL

Theorem
Pre- and post-interpolants can be constructed given a finite
set of propositional letters and any formula of LP®(m, ®).

UIP of INL also follows by translation.
Note that it is unclear how to apply Pitts-Bilkova’s method
directly on the sequent calculus G3inl for INL.

It was suggested UIP of PSNL and INL can be proved
semantically by coalgebraic method via definability of
bisimulation quantifiers.

31



Conclusions and future work




Conclusions: Making simple things simple!

- Breaking the INL-bundles simplifies the techniques

- PSNL is intuitive to use

- It does not increase expressivity

- Multi-sorted language makes use of “non-formulas” in INL
- Bridging rules connects different subsystems

- UIP can be shown constructively

Applications to other bundle-based language: social-friendly
coalition logic, Aristotelian modal logic ...

Other connections to be explored: team semantics, coalgebraic
modal logic...

32
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The answer:



Thanks for your attention!
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