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Why (analytic) proof systems?

> Clear understanding of the logic
> Establish properties of the logic

Decidability and FMP  Is A valid?
ax ax ax . ax X

A A
Intuitionistic S4:

Interpolation
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Outline

> Conditional logics
> Semantics

> Proof theory for conditional logics
* Labelled calculi for conditional logics

* Sequent calculi with blocks for (some) Lewis’ logics
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Conditionals in natural language

If A then B

> If | hadn’t overslept, then | would have caught the train.
> If Tux is a bird then it can fly.

But if Tux is a bird and a penguin, then it can’t fly.
£ Normally, birds can fly.
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Paradoxes of material implication

> If | hadn’t overslept, then | would have caught the train.

A|B|A—B
T[T T
T|F| F
FIT| T
FIF| T

> If Tux is a bird then it can fly.
But if Tux is a bird and a penguin, then it can’t fly.

Monotonicity (A — B)— ((AAC)— B)
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Conditionals in a modal framework

AB:=p|L|IAVB|AAB|A—B|CA
-A=A->1
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OA:=-A> 1
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Conditional logics

VA —— VNA VTA VWA —— VCA
/7 77 77 a %
VU VNU VTU VWU —— VCU
/7 /7 Y 77 %
v VN VT VW Ve
PA » PNA ' PTA ' PWA » PCA
PU » PNU » PTU » PWU > PCU
PCL PN PT PW PC

> Prototypical properties
> Counterfactuals
> Conditional belief of agents
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(A>C) e (B> ) rck (C>A)—-(C>B)
AeB A—-B
id A>A

rand (A>B)A(A>C)— (A>(BAC))
cm (A>C)A(A>B)—- ((AAB)>C)
nt (A>B)A((AAB)>C)— (A>C0C)
or (A>C)A(B>C)—((AvB)>C)

rcea

V: PCL plus
cv (A>C)A=(A>-B)— ((AAB)>0C)

Extensions of PCL and V

n —(T>41) t A->-=(A>1)
w (A>B)— (A—-B) c (AAB)— (A>B)
Uy (FA>1) > (=(-A>1)>1) up =(A>1)—> ((A>1)>1)

a, (A>B)= (C>(A>B)) a; ~(A>B) = (C>-(A>B))
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Several kinds of possible-world semantics
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Sphere semantics [Lewis, 1973]

v

Preferential semantics [Burgess,1981]

v

Selection function semantics [Chellas, 1975]

v

Neighbourhood semantics [Scott, 1970, Montague, 1970]
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Several kinds of possible-world semantics

v

Sphere semantics

Preferential semantics

v

Selection function semantics

v

v

Neighbourhood semantics

Direct proof of soundness and completeness w.r.t. the
axiomatization of PCL and extensions
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Conditional logics

VA —— VNA VTA VWA —— VCA
a a a a /
VU VNU VTU VWU —— VCU
a a e a /
VN VT VW VC

PA » PNA » PTA > PWA » PCA
PU > PNU » PTU » PWU » PCU
! o o . /

PN PT PW PC
Normality For all x, N(x) # 0.
Total reflexivity For all x, there is @ € N(x) such that x € a.
Weak centering For all x, N(x) # 0 and for all @ € N(x), x € a.
Centering For all x, for all @ € N(x), x € @ and {x} € N(x).
Uniformity For all x,y, [ N(y) = U N(x).
Absoluteness For all x, y, N(x) = N(y).
Nesting For all x, for all @, 8 € N(x), eithera CBorB C a.

ok ok Ak O <
Q-

<>PCOS=S42Z
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Sequent calculus for modal logic
Sequent calculus for propositional logic
I, A multisets of formulas M= A /\ M- \/ A

r=AA Bl=A AT = AB
1 - -
pT=>Ap LIT=A = ASBlI=A "T=AASB

init

Proof systems for modal logics ~» Adding modal rules:
2= A

"Or.T = ADA
OY =0By,...,0Bk, for0 < k
Problem for some systems of modal logics (S5), no cut-free
Gentzen-style sequent calculus is known

r=AA AT = A
rLr=A.A

cut
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Labelled calculi for conditional logics
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> X: A ~» “xsatisfies A” (labelled formulas)

i | abelled sequent: R, = A

== Rules for O
XRy,R,I = A,y : A | xRy, R, x :0A,y : A, = A
! [m]
RT=>Ax-0A ° " XRy.Rx:0AT=A

x-0A iff forallys.t. xRy,y v A

1= Rules for frame conditions, example: transitivity
xRz, xRy,yRz,R,T = A
;
xRy,yRz, R, = A

t
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> X€ea ~» “xisanelementof 8"
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1= Rules for >
aeN(x),Rar ATl=AXxr,A|B
>R (@)
RIT=A,x:A>B
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IFR

1= Rules for frame conditions, example: centering

C Forall x, forall » € N(x), {x} € N(x) and x €

C{x} e N(x),{x} Ca,ae N(x),RT = A - x € {x},{x} e N(x),R,T = A
single

aeNXx),RT=A {x} e N(x),R,T = A

y € {x}, At(y), At(x),R,T = A A {x}, At(x), At(y),R,T = A
y € {x}, At(x),R,T = A o y € {x},At(y),R,T = A

eply

20/29



Example

Axiomc (AAB)— (A>B)

. yeixh....,y:qy:p=>y:q

L xexhx:p=2{xirpx:p oo yeilx},....y ;. g=y:p—gq

Lxexhx:p=2{xjrp ye{} ..X:g=2y:p—q
Lxip=2{xip & Xx:g=2Xjr' p-ogq

{x}ea,{x}ca,aeN(x),ar A,x:p,x:q:>xn—ap|q
c

5"
WR

Single i

-

aeN(x),ar'Ax:p,x:q=xraplq
X:p,X:gq=x:p>q
X:pANgQ=>X:p>q
=x:(pAg)—>x:(p>q)

>R

AL

—R
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Main results [G, Negri and Olivetti, 2021]
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Proof. Show that if A is not provable, we can construct a finite
countermodel for it (easy). We need to show termination (difficult).

22/29



Sequent calculi with blocks for (some) Lewis’ logics

VA —— VNA VTA VWA —— VCA
e a e a /
VU VNU VTU VWU —— VCU
e e / a /
\Y VN VT VW VC
PA » PNA » PTA > PWA » PCA
- - A - /
PU > PNU »PTU > PWU » PCU
"\ Al a Al /\

PCL PN PT PW PC
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Sequents with blocks

Blocks (X multiset of formulas) [Olivetti & Pozzato, 2015]

[Fac] ~ \/(B<0C)
Bex
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Sequents with blocks

Blocks (X multiset of formulas)

[Fac] ~ \/(B<0C)
Bex

Example [A,B<C] ~ (A<C)Vv(B<OC)

Sequents with blocks (I, A multisets of formulas)

M= A[X1<Ci],....[Zk < Ck]

Ar-\av(i\/ (B<c))v---v(\/ (B<C)

BEZH BGZJ

24/29



The rules

iz Rules for V
A= AB NMB=>A T=AA

L — —
p=pA TLi=sA T=>AA-B = TA-B=A

init
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The rules

iz Rules for V
A= AB

NMB=>A T=AA

init

L —
p=pA LA T=>AA-B
= A,[A < B]

<

TS AA<B

MMA-B=A
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The rules

iz Rules for V
A= AB NMB=>A T=AA

popd ‘TioA 'ToAMA-B ' TNA-BoA
) = A,[A < B]
Pt Altl
F—>AA<B
MA<B=A,BY<Cl NA<B= AL <Cl[E <Al
NA<Bo= AL <C]

init

<L

25/29



The rules

iz Rules for V

NnNA=AB NMB=>A T=AA

init

popd ‘TioA 'ToAMA-B ' TNA-BoA
= A,[A < B]

“ToAA<B

MA<B=A[BYX<C] MA<B= AL <CL[E <Al
NA<B= AL «<C

M= A [X1,X2 <A [Z2<B] T=A,[X <A][X,X2 < B]
IN= A, [Xy <Al [X2 < B]

<L

com
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The rules

iz Rules for V

NnNA=AB NMB=>A T=AA

init

L d —
p=pA TLi=sA T=>AA-B = TA-B=A
= A,[A < B] B=>%
“«———— jmp———————
r-AA<B = A,[Z < B]
A<B=A,[BX<C] MA<B=A,[L<C][E<A]
nA<B=A[X<C]
FzA,[Z1,ZQ<A],[22<B] F=>A,[Z1<1A],[Z1,Zg<18]
M= A,[Xy <Al [X2 < B]

<L

com
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The rules
1= Rules for V
NA=AB MMB=>A IT=AA
L — —
p=pA TLi=sA T=>AA-B = TA-B=A
= A,[A < B] B=>%
R———— jump —m—m—————
r=AA<B [= A, [T < B
LA<B=A,[B,X<C] ILA<B=A,[Z<C][E<A]
nA<B=A[X<C]
FzA,[Z1,ZQ<A],[22<B] F=>A,[Z1<1A],[Z1,Zg<18]
M= A,[Xy <Al [X2 < B]
L<AT=A T=AJAA-B<A]  (AA-B)<AT = A [L<A]

>L >R

A>B, = A r=AA>B

init

<L

com

A>B :=(L<A)V=((AA-B)<(AVB))
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The rules

iz Rules for V

init

>L

NnNA=AB NMB=>A T=AA

<AT=>A T=A[AA-BaA]

L — —
p=pA TLi=sA T=>AA-B = TA-B=A

= A,[A < B] B=%
R———— jump —m—m—————
= AA<B = A,[X <B]
NMA<KB=A,[B,x<C] T,A<B=A,[£<C][X<A]
nA<B=A[X<C]
FzA,[Z1,22<A],[22<B] F=>A,[Z1 <1A],[Z1,22<IB]
M= A,[Xy <Al [X2 < B]

<L

com

>R

A>B, = A r=AA>B

A>B :=(L<A)V=((AA-B)<(AVB))

1= Rules for extensions, example: centering

A=A IT=AB
A<BI=A

(AA-B)<A,T= A [L<A]



Examples
Axiom (A< B) Vv (B < A)

init —— init ——
b=a,b a=a,b

jump jump
=axb,b<a,la,b<b][b<a] =axb,b<a,[a<b],[a b<a]

=axb,bxa,Ja<b],[b<a]
= ax<b,b<a,[a<b]
= a<b,bxa
\%
F‘=>(a<b)v(b<a)
Axiomc (AV B) - (A > B)
p.p.q=[L<pl.q
L
Apﬁqnq$U<m
L
CpAﬂq,p,q=>[L<llf>] p.q=[L<plp
(PA=Q)<p.p,g=[L<p]
p.g=p>q
AL———————
pAg=p>q
—R
= (pArg)—(p>aq)

com

<

<R

-

>R
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Main results [G Lellmann, Olivetti, Pozzato, 2016]
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Main results

i For L any logic in V, VN, VT, VW, VC, VA, VNA

Theorem (Completeness, |). If A is derivable from the axioms for L,
then A is provable in the sequent calculus w. blocks for L.

Proof. For V, by proving cut-admissibility (difficult). For the other
logics, by simulating cut-free proofs of a non-standard calculus.

Theorem (Completeness, II). If A is valid in the class of models for L,
then A is provable in the labelled calculus for L.

Proof. Show that if A is not provable, we can construct a finite
countermodel for it (difficult). We need to show termination (easy).
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Summing up

VA —— VNA VTA VWA —— VCA
a a a a /
VU VNU VTU VWU —— VCU
a a e e /
\Y% VN VT VW VC
PA » PNA > PTA > PWA > PCA
o o A o /
PU > PNU »PTU > PWU » PCU
B a Bl Al /\

PCL PN PT PW PC
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Summing up

VA —— VNA VTA VWA —— VCA
a a a a /
VU VNU VTU VWU —— VCU
a a e e /
V VN VT VW VC
PA » PNA > PTA > PWA > PCA
o o A o /
PU > PNU »PTU > PWU » PCU
A o o - /
PCL PN PT PW PC

> Labelled calculi for all the logics
> Sequent calculus with blocks for V, VN, VT, VW, VC, VA, VNA

> Hypersequent calculus with blocks for logics VTU, VWU,
VCU, VTA, VWA, VCA
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Conclusions

formula direct | termination of | countermodel
interpretation | cut adm. | proof search | construction
labelled no easy difficult easy
blocks yes difficult easy difficult

Current & Future work:

> Explore the proof theory of logics with the comparative
plausibility operator, without nesting

> Evaluating ceteris paribus counterfacuals

> Explore the proof theory of intuitionistic conditional logics

Thank you!
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